We prove, by using the main inequality of Reich and Strebel, that any n Kquasiconformal germs defined on n disjoint domains in the Riemann sphere can be glued by one ðK þ eÞ-quasiconformal homeomorphism, where e is a positive number which can go to zero as the domains of germs shrinking to n points. This generalizes a result in [8] where only the case K ¼ 1 has been considered.
Introduction
An analytic mapping defined on a domain in the complex plane is very rigid because of the famous uniqueness theorem of analytic functions. This rigid phenomenon causes a big di‰culty in the study of dynamics of an analytic mapping, especially when we would like to use the surgery method to discover a new analytic mapping which may demonstrate some new dynamical phenomena. To have certain flexibility, a quasiconformal surgery method is recently introduced into the study of holomorphic dynamical systems and becomes a very successful theory. However, controlling the quasiconformal constant in a quasiconformal surgery is not easy and may still cause a problem in the study of dynamics of an analytic mapping, especially when we would like to construct a new dynamical system close to the old one in an appropriate metric. It is very important to have a general method in the quasiconformal surgery so that we can control the quasiconformal constant. Then we can estimate the Teichmü ller distance between the old and new ones.
We have got the following theorem in [8] by using the holomorphic motion method.
Theorem A. Let fz k g for every k ¼ 1; 2; . . . ; n. Then for every e > 0 there exist a number r > 0 and a ð1 þ eÞ-quasiconformal self-mapping f of C such that f j Uðz k ; rÞ ¼ f k j Uðz k ; rÞ ; where Uðz k ; rÞ H U k is the open disk of radius r centered at z k for k ¼ 1; . . . ; n.
The proof of Theorem A in [8] is carried out by using a big theorem called the holomorphic motion theorem (refer to [5] ) which has been developed for many years by Mañ e-Sad-Sullivan [10] , Thurston-Sullivan [14] , Bers-Royden [2] , and Slodkowski [12] (see also [1] , [3] , [4] , and [5] ). Although the proof in [8] is simple, the deep inside mechanism is hidden due to the use of the holomorphic motion theorem. Therefore, we would like to have a straightforward understanding directly from the main inequality of Reich and Strebel in quasiconformal mapping theory. More importantly, we are not only giving a new proof of Theorem A by viewing some inside mechanism but also we prove a more general new result as follows. This is the main purpose of this paper.
be a set of distinct points in the complex plane C and let U k be a neighborhoods of z k for every k ¼ 1; 2; . . . ; n. Suppose fU k g n k¼1 are pairwise disjoint and f k ðzÞ is a K-quasiconformal mapping defined on U k which fixes z k for every k ¼ 1; 2; . . . ; n. Then for every e > 0 there exist a number r > 0 and a ðK þ eÞ-quasiconformal self-homeomorphism f of C such that f j Uðz k ; rÞ ¼ f k j Uðz k ; rÞ ; where Uðz k ; rÞ H U k is the open disk of radius r centered at z k for k ¼ 1; . . . ; n.
Remark. Theorem 1 is also true in the case of that fz k g n k¼1 is a set of distinct points in the Riemann sphereĈ C. Here, the neighborhood Uðy; rÞ of y should be understood as Uðy; rÞ ¼ fz : jzj > rg:
This paper is organized as follows. In §2, we give a brief review of the main inequality of Reich and Strebel and several interesting results in the quasiconformal mapping theory, which will be used in the proof of Theorem 1. In §3, we first prove two theorems, Theorem 2 and Theorem 3, which are of independent interest. Then we prove Theorem 1 by using Theorem 3.
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Some preparation
To prove Theorem 1, we need some preparation from the quasiconformal mapping theory. The key tool in our proof of Theorem 1 is the famous main inequality of Reich and Strebel [11] . The reader may refer to [6] for some standard notations.
Theorem B [Main Inequality]. Suppose f ; g : R ! R 0 are two quasiconformal homeomorphisms from a Riemann surface R to another Riemann surface R 0 which are homotopic modulo the boundary. Then for every integrable holomorphic quadratic di¤erential j ¼ jðzÞ dz 2 , we have
where kjk ¼ Ð Ð R jjðzÞj dxdy and
m f and m g À1 are Beltrami coe‰cients of the quasiconformal homeomorphisms f and g À1 respectively.
We refer to [6] for a proof of Theorem B for arbitrary Riemann surfaces.
In the same condition as Theorem B, the following inequality can be deduced from (1) easily.
where D g À1 ðwÞ is the dilatation of g À1 at w. Suppose f : R ! R 0 is a quasiconformal homeomorphism from a Riemann surface R onto another Riemann surface R 0 . The boundary dilatation of f is defined as
where Kð f j RnE Þ is the maximal dilatation of f j RnE . Denote by ½ f the set of all quasiconformal homeomorphisms from R to R 0 which are homotopic to f modulo the boundary. Then the extremal dilatation and the boundary dilatation of ½ f are defined as
The frame mapping theorem of Strebel [13] can be now stated as follows.
Theorem C. Suppose f : R ! R 0 is a quasiconformal homeomorphism from a Riemann surface R to another Riemann surface R 0 . Suppose Hð½ f Þ < K 0 ð½ f Þ.
gluing theorem
Then there is a unique extremal quasiconformal homeomorphism f 0 A ½ f . Moreover, the Beltrami coe‰cient of f 0 has the form m f 0 ¼ k j jjj , where
and j is a holomorphic quadratic di¤erential on R with kjk ¼ 1:
The proof of the frame mapping theorem for a general Riemann surface can be found, for example, in [6] .
A sense preserving self-homeomorphism h : R ! R of the real line is called
It is known that a sense preserving selfhomeomorphism is quasisymmetric if and only if it is the boundary values of a quasiconformal self-homeomorphism of the upper half-plane H. Since every round disk in the Riemann sphere can be mapped onto the upper half-plane by a Mö bius transformation, we call a homeomorphism of a circle onto another circle quasisymmetric if it is the boundary values of a quasiconformal homeomorphism between the disks bounded by the circles. The following result can be found in R. Fehlmann's paper [7] .
Theorem D. Suppose h is a sense preserving self-homeomorphism of the unit circle S 1 . If for every z A S 1 , h can be extended to a neighborhood of z quasiconformally, then h is a quasisymmetric self-homeomorphism of S 1 .
We use the following notations in the rest of this paper:
Uðz 0 ; rÞ ¼ fz : jz À z 0 j < rg and Aðz 0 ; r; RÞ ¼ fz : r < jz À z 0 j < Rg:
We denote by qUðz 0 ; rÞ the boundary circle of Uðz 0 ; rÞ. In case of z 0 ¼ 0, we simply denote them by UðrÞ, Aðr; RÞ and qUðrÞ. The following theorem is a known result, which can be found in [9] , for example.
Theorem E. Suppose f 1 ðyÞ and f 2 ðyÞ are two sense preserving homeomorphisms from the real line R to itself and f k ð0Þ ¼ 0 and f k ðy þ 2pÞ ¼ f k ðyÞ þ 2p; k ¼ 1; 2:
Let r 0 > 1 be a real number. Then there is a quasiconformal self-homeomorphism F of the annulus Að1; r 0 Þ with F ½expðiyÞ ¼ exp½if 1 ðyÞ and F ½r 0 expðiyÞ ¼ r 0 exp½if 2 ðyÞ if and only if f 1 and f 2 are quasisymmetric.
As [9] is written in Chinese and published on a Chinese journal, it is not available for people outside China. For the completeness of this paper, we sketch out a proof of Theorem E here.
Sketch of Proof.
The necessity is clear. One only need to prove the su‰ciency.
Let p 1 ðzÞ ¼ r 0 e iz : fz j 0 < =z < log r 0 g ! Að1; r 0 Þ be a holomorphic covering of the ring domain Að1; r 0 Þ, and let
where log z is the principle value of the logarithm function and <z and =z are the real and imaginary part of complex number z. Obviously, p 2 is a quasiconformal mapping from H onto the band domain fz A C : 0 < =z < log r 0 g, with the maximal dilatation K ¼ maxðp=log r 0 ; log r 0 =pÞ. Therefore, p ¼ p 1 p 2 is a quasiconformal covering of the annulus Að1; r 0 Þ and the boundary mappings z ¼ expðiyÞ 7 ! exp½if 1 ðyÞ : qUð1Þ ! qUð1Þ and z ¼ r 0 expðiyÞ 7 ! r 0 exp½if 2 ðyÞ : qUðr 0 Þ ! qUðr 0 Þ can be lift to a sense-preserving self-homeomorphism of R f ðxÞ ¼ exp½ f 2 ðlog xÞ; 0 < x; 0;
x ¼ 0; Àexp½ f 1 ðlogjxjÞ; x < 0:
If f is quasisymmetric, then it can be extended to a quasiconformal selfhomeomorphismF F of H by the Beurling-Ahlfors extensioñ
It is easy to check that f ½expð2pÞx ¼ expð2pÞ f ðxÞ; Ex A R:
So, by the property of integral and the definition of Beurling-Ahlfors extension,
and consequently,F F ðzÞ induces a quasiconformal self-homeomorphism F of Uð1; r 0 Þ, which is an extension we needed. Therefore, we only need to check that f ðxÞ is quasisymmetric on the real line. That is, we need to estimate the upper and lower bounds of Dðx; tÞ ¼ f ðx þ tÞ À f ðxÞ f ðxÞ À f ðx À tÞ gluing theorem for all x A R and t > 0: To do that we divide into 3 cases: (I) x ¼ 0, t > 0, (II) x > 0, t > 0, and (III) x < 0, t > 0: We can easily get the estimates in case (I). For case (II), we can obtain the estimates by divided into 4 subcases further: 0 < t < x=2, x=2 a t a x, x < t a 2x and t > 2x: The estimates in case (III) can be done similarly to case (II). r
Proof of Theorem 2
In order to prove Theorem 1, we first prove the following theorems, Theorem 2 and Theorem 3, which are of independent interest. Theorem 2. Let f 1 and f 2 be two K-quasiconformal mappings defined on disjoint simply connected subdomains W 1 and W 2 ofĈ C respectively and f
To prove Theorem 2, we need the following lemma which can be derived from Theorem E directly. In fact, we may assume, without lose of generality, that
¼ 1, and f 2 ðr 2 Þ ¼ R 2 e iy 0 . Then Lemma 1 is derived by applying Theorem E tof
where
is a quasiconformal homeomorphism of Að1; R 2 Þ onto Að1; r 2 Þ.
Proof of Theorem 2. Since qD 1 and qD 2 are closed Jordan curves, f 1 ðqD 1 Þ and f 2 ðqD 2 Þ are also closed Jordan curves. Let B andB B be ring domains bounded by Jordan curves qD 1 and qD 2 and by f 1 ðqD 1 Þ and f 2 ðqD 2 Þ, respectivly. Then there are conformal mappings F : B ! Aðr 1 ; r 2 Þ and G :B B ! AðR 1 ; R 2 Þ of these ring domains onto annuli, which can be extended to the boundaries of the ring domains continuously.
Assume, without losing generality, that
À1 is a quasiconformal mapping from the ring domain bounded by qUðr k Þ and F ðqW k Þ onto the ring domain bounded by qUðR k Þ and Gðqf k ðW k ÞÞ for k ¼ 1; 2. Thus, by Theorem D, G f k F À1 j qUðr k Þ is a quasisymmetric mappings of qUðr k Þ onto qUðR k Þ. Hence, there is a quasiconformal mapping F : Aðr 1 ; r 2 Þ ! AðR 1 ; R 2 Þ with
by Lemma 1. Therefore,
is the required mapping and this completes the proof of Theorem 2. r 
Then F r is a quasiconformal mapping of the complex plane C.
We will see that F r ðzÞ is the required quasiconformal mapping for some su‰ciently small number r > 0.
To prove this, we only need to show that Kð f r Þ a K þ e for some su‰ciently small number r > 0, where Kð f r Þ is the maximal dilatation of f r .
Assume, by contradiction, that Kð f r Þ > K þ e for all positive numbers r < r 0 : Since f ðzÞ is K-quasiconformal in Uðz 0 ; dÞ, the boundary dilatation of h r ðzÞ is Hðh r Þ a K for 0 < r < d: Therefore, Kð f r Þ > Hðh r Þ, and by the frame mapping theorem (Theorem C), f r is a Teichmü ller mapping with Beltrami coe‰cient m r ¼ k r j r =jj r j ð0 < k r < 1Þ, where j r ¼ j r ðzÞ dz 2 is the associated holomorphic quadratic di¤erential with kj r k ¼ 1. We claim that gluing theorem
